We report the results of a numerical search for non-topological solitons in the two-Higgs standard model, characterized by the non-trivial winding, π 3 (S 3 ), of the relative phase of the two doublets. In a region of (weak-coupling) parameter space we identify a branch of winding solutions, which are lower in energy than the embedded standard sphaleron and deformed (bi)sphalerons. Contrary, however, to what happens in 2d toy models, these solutions remain unstable even for very large Higgs masses.
Two of us have analyzed recently non-topological winding solitons in renormalizable gauge models with two Higgs scalars. Such solitons arise in two and three space-time dimensions [1] , and can be embedded as extended membrane defects in the weakly-coupled two-Higgs standard model (2HSM) [2] . It was furthermore argued by analogy [1] that the 2HSM may have stringlike or particle-like excitations characterized by a non-trivial mapping of the spatial three sphere onto the relative phase of the two doublets. Depending on the details of the potential, the relevant quantity could be either the Hopf invariant, π 3 (S 2 ), or the winding number, π 3 (S 3 ). Here we report the results of a numerical search for solitons of the latter type. The search revealed indeed a branch of winding solutions, but unlike their 2d analogs these stay classically unstable for arbitrarily large Higgs masses. These new solutions could nevertheless be of interest for the study of electroweak baryogenesis in the 2HSM [3] . Sphaleron solutions in the 2HSM have been discussed previously in ref. [4] and in a different context in ref. [5] .
There exists a close analogy between sphaleron solutions in the minimal standard model [6, 7, 8] , and those in the abelian-Higgs [10] or global doublewell [9] models on the circle. Similarly, the structure of classical solutions in the 2HSM is strongly reminiscent of that in the abelian two-Higgs, or in the global mexican-hat model on the circle. This latter model is defined by the action
whose single classically-relevant parameter is mL = √ 2λvL. We henceforth set L = 1. Static solutions correspond to motions of a particle in the inverted mexican-hat potential with period 2π. One solution, which exists for all values of m and can be thought of as the basic sphaleron * , corresponds to the particle sitting at the bottom of the inverted hat. It has energy πm 4 /8λ, starts out with two negative modes, and acquires two extra ones every time m/ √ 2 crosses a positive integer n. Two extra branches of solutions bifurcate * Though it does not in this case represent a minimum-height passage between two discrete degenerate vacua.
at these points: the S n branch describes an n-fold oscillation about the bottom of the inverted hat, with zero angular momentum. These solutions, also present in the double-well model, are everywhere unstable and are the analogs of the deformed sphalerons of the standard model [9, 7] . The W n branches on the other hand describe an n-fold rotation around the tip of the hat, and have no analog in the one-Higgs model. The solutions have a constant scalar magnitude Φ * Φ = (m 2 − 2n 2 )/2λ, an energy equal to πn 2 (m 2 − n 2 )/2λ, and become classically stable beyond the critical values m 2 = 6n 2 − 1 [1] . New branches,W n , emerge at these points; they have slightly higher energy and correspond to winding motions with an oscillating scalar magnitude. Further bifurcations occur along the W n>1 branches, and possibly also along S n and W n , but an exhaustive analysis is beyond the scope of this letter. Figure 1 is an illustration of the topological tree of solutions. The main lesson to retain from this toy model is that for m > √ 2 the winding solution on the W 1 branch is the one with lowest energy, and that furthermore for m > √ 5 it becomes a classically-stable soliton.
Using this toy model as a guide, we turn now to the 2HSM. We will work with the simplifying assumptions of vanishing Weinberg angle and of a potential consisting of two independent mexican hats. We believe that these restrictions are optimal, in the sense of favouring the stability of the soughtfor winding solutions. We also restricted our search to spherically-symmetric configurations. The action is
with
We fix the length scale by setting
2 )/2 = 1 , and scale out of the action the semiclassical parameter α W = g 2 /4π. There remain three classically-relevant parameters: the two radial Higgs masses m a = 2 √ λ a v a , and tanβ = v 2 /v 1 .
The general spherically-symmetric static ansatz, following the conventions of Yaffe [8] , reads
where n i is the unit vector in the direction of r, τ i are the three Pauli matrices, ξ is a constant unit doublet and w 0 , w 1 , a, b, µ a , ν a are functions of r to be determined by the stationarity of the energy. It is convenient to choose the gauge w 0 = 0, and then solve Gauss' constraint to obtain w 1 = 0 [8] . Defining the complex fields φ a = µ a + iν a ≡ f a exp (iθ a ) (a = 1, 2) and χ = a + ib = |χ| exp (iψ), one can put the energy functional in the form:
with primes standing for derivatives with respect to r. The above expression is invariant under a simultaneous rotation of φ 1 , φ 2 and χ by a phase ω, ω and 2ω respectively, as well as under independent changes of sign of φ 1 and φ 2 . These symmetries together with the requirement of finite energy allows us to fix the boundary conditions at r = ∞ in the form:
At r = 0 on the other hand, finiteness of the energy, of the gauge current and of the field strength imply [8] :
Notice in particular that at the origin either f a = 0, or else 2θ a − ψ = 0 (mod 2π). For configurations with non-vanishing Higgs magnitudes we may conclude that
The integer N is the gauge-invariant winding number characterizing the mapping from the spatial S 3 onto the SU(2) manifold of the relative phase of the two doublets [1] .
We used the relaxation method [11] to integrate the field equations numerically. Starting with some initial guess {Φ} for the solution, one linearizes the static field equations, solves them, and adds the result to {Φ} thus obtaining an improved guess for the next iteration. The radial coordinate r was replaced by n+1=201 points r i , with r 0 = 0 and r n = R = 20. This was sufficient to achieve an accuracy of order 10 −3 to 10 −4 in the energy of the solutions. Following ref. [8] we distributed the lattice points according to the formula r k = (1 − e ks/n )/(e ks/n − µ), with s = ln[(1 + µR)/(1 + R)] and µ = max(m 1 , m 2 ). The linearized equations at each iteration step take the form E (2)
I where δΦ is a vector of dimension n × (#fields) = 1200, normalized so that the kinetic energy reads 1 2 δ Φ iδ Φ i , and E (1) , E (2) are respectively the first and second variations of the static energy, eq. (4). The matrix E (2) has a special block-three-diagonal form, each block corresponding to the six fields at the same lattice point. We have exploited this special form to invert the matrix by a forward-elimination and back-substitution procedure. This same procedure also allowed us to calculate the spectrum of negative fluctuation modes around the solutions. The branches S 0 and S 1 in particular correspond to the standard sphaleron [6] and deformed (bi)sphalerons [7, 8] with n s the number of unstable modes of the solution, is conserved at all bifurcation points. This is also true at m/m W ≃ 14.9, where a once-and a twice-unstable branch emerge out of the first deformed sphaleron, corresponding to the transformation of a local maximum, into two maxima separated by a lower-energy saddle.
The most interesting feature of Figure 2 is of course the winding branch W 1 , which on the basis of the 2d analog could have evolved into a stable soliton at sufficiently large Higgs masses. The negative eigenvalue does not, however, cross the zero axis in this case, at least all the way out to m/m W ∼ 200 (see table 1) † . By performing a numerical scan, we have checked that † Such large values of parameters are in any case academic, since the semiclassical approximation cannot be anymore trusted.
the winding branch does not stabilize anywhere inside the larger space of parameters of the potential, eq. (2) (see Table 2 ). Since we do not expect interactions between the two doublets to improve stability, we believe that such winding solitons do not exist. This is the main conclusion of the present letter.
The unstable solutions are nevertheless of interest in their own right. They emerge inside the region of weak coupling, and can be lower in energy and comparatively less unstable than the known sphaleron and deformed sphaleron solutions, as shown in Table 1 . They furthermore continue to exist in a large region of parameter space, which is sampled selectively in table 2. The profile of a typical solution for tanβ = 1.4, m 1 = 0.1 and m 2 = 10.1 is plotted in Fig. 3 . As is the case with deformed sphalerons in the minimal model, the appearance of the two conjugate W 1 branches corresponds to the splitting of a minimum-height passage in the energy landscape into two. These configurations should thus dominate baryon-number violating transitions at high temperature, in the appropriate regions of parameter space of the 2HSM. More generally, their existence illustrates how rich the configuration space of the 2HSM is. Its exploration could, we believe, reveal many surprising features. GeV respectively.
